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Abstract 
Scapellato, R., A characterization of bipartite graphs associated with BIB-designs with 1= 1, 
Discrete Mathematics 112 (1993) 2833287. 
A graph is said to be F-geodetic (for some function F) if the number of shortest paths between two 
vertices at distance i is F(i). It is shown that a bipartite F-geodetic graph with diameter ~4 is either 
(i) a tree, or 
(ii) a distance-regular graph, or 
(iii) the graph associated with a BIB-design with I= 1. 
1. Introduction 
Let G be a graph (connected, finite, undirected and with neither loops nor multiple 
edges) and with diam( G) = k. Let F : { 1,2, . . , k} + N be a map. The graph G is said to 
be F-geodetic if, for all x, yeV(G), the number of geodesics between x and y is 
F(W Y)). 
The F-geodetic graphs, considered in [l, 2, 8,9] (and with different terminology in 
[3] as ‘function geodetic’ and in [4] as ‘uniformly geodetic’), are a common general- 
ization of distance-regular, interval-regular [6, 71 and geodetic graphs. 
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Let D be a BIB-design. Let us consider the graph G(g) associated with 9, whose 
vertex set is the union of the sets of points and of blocks, the adjacency arising from 
incident points and blocks. We remarked in [9, p. 3193 that, if 3.= 1 and 9 is not a 
projective plane, G(S) is an example of a bipartite nonregular F-geodetic graph of dia- 
meter 4. We will show here that, conversely, every graph with these properties, which is 
not a tree, can be obtained in this way. In fact, we will prove the following result. 
Theorem. A bipartite F-geodetic graph G, with diam( G)d 4, is either 
(i) a tree, or 
(ii) a distance-regular graph, or 
(iii) the graph associated with a BIB-design with A= 1. 
Of course, the intersection of the classes (ii) and (iii) consists of the graphs associated 
with projective planes. The characterization of the graphs associated with BIB-designs 
with j.= 1 is thus completed by the following. 
Corollary. A bipartite graph G is the graph associated with a projective plane ifand only 
ifit is F-geodetic of diameter 3, with F(2)= 1 and with minimum degree 6( G)32. 
Note that our results follow a direction indicated by [3], namely the program of 
studying a combinatorial structure Y by counting geodesics in a suitable graph 
associated with Y’. 
The notation used in this paper is the same as [9]. 
2. Results 
Recall (cf. [9, Theorem 1.11) that if G is F-geodetic, there is a function 
f: {1,2,..., h}+N such that, for all i and for all x, ycV( G) with d(x, y) = i, the number 
of vertices adjacent to x and at distance i - 1 from y is f(i). Also note that 
J‘(i)F(i- l)=F(i) for all ig2. 
Lemma 1. Let G be nn F-geodetic graph. If G has no 3-cycle, then either G is regular or 
F(2)= 1. 
Proof. If F(2) # 1 then G is a (0, F(2))-graph in the sense of [S]. That means: if i 3 2 is 
a natural number, a (0, J-)-graph G is one in which, for all x, YE V( G), the number of 
common neighbors of x and y is 0 or 1. By [5, Proposition 11, G is regular. Cl 
Lemma 2. Every geodetic bipartite graph is a tree. 
Proof. If, by contradiction, such a graph G is not a tree, let C be one of its cycles of 
minimal length, say 2k. Two opposite vertices in C are at distance k in G, and there are 
two geodesics between them. C! 
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In our study of F-geodetic graphs we will restrict ourselves to the case where 
diam(G)33: in fact the case diam(G)=2 arises only when G is isomorphic to K,,, or 
K1,, for some n32. 
Proposition 3. Let G be a bipartite F-geodetic graph, of diameter 3, with 6(G) > 2. Then 
G is distance-regular. 
Proof. Let X and Y be the classes of the natural partition of G. 
Suppose, by contradiction, that G is not distance-regular. Then G is not self-centered [9, 
Theorem 2.21. Then there exist a vertex of G, say XEX, such that e(x) < 2. Now x must be 
adjacent to every vertex of Y. Since 6(G)>2, there is at least one x’~X\(xj. 
By the above inequality there are also two vertices of Y which are adjacent to both 
x and x’. This implies F (2)32. Hence by Lemma 1, G is regular. Then G is also 
distance-regular [9, Theorem 2.23, a contradiction. q 
The Corollary of Section 1 is an immediate consequence of the following result. 
Proposition 4. A bipartite graph G is the graph associated with a symmetric design ifand 
only ifit is F-geodetic ofdiameter 3 and with 6(G)> 2. In this case the parameter i of the 
design is given by P- = F (2). 
Proof. Let X and Y be the classes of the natural partition of G and let us consider the 
incidence structure 2 =(X, Y, I), where I LX x Y is defined by: 
xly if and only if xy&(G) (xEX, YEY). 
As G is distance-regular (Proposition 3), every block YEY is incident with k=6( G) 
points and every point XEX is incident with r = 6( G) blocks. Moreover, for any two 
distinct points x and x’ it is d(x, x’)=2, and there exist A= F(2) blocks incident with 
both x and x’. Similarly, for any two distinct blocks y and y’ it is d( y, y’) = 2, and so 
there exist F(2) points incident with both y and y’. Therefore 3 is a symmetric design 
with parameters v=l V(G)//2, k=6(G) and 3.=F(2). 0 
Proposition 5. Let G be a bipartite F-geodetic graph of diameter 4, with 6(G) > 2. Then 
either G is distance-regular or G is the graph associated with a BIB-design with II= 1. 
Proof. Suppose that G is not distance-regular. By [9, Theorem 2.21 G is neither 
regular nor self-centered. Moreover by Lemma 1, F(2)= 1. 
Let X and Y be the classes of the natural partition of G. Throughout this proof we 
will make use of the elementary fact that the distance between two vertices is even or 
odd according to whether they belong to the same class or not. 
Let x0 be a vertex of G of minimal eccentricity. Suppose without loss of generality 
that x~EX. If e(xO)62 then x0 would be adjacent to each vertex of Y, which gives 
diam(G)= 2, a contradiction. Since G is not self-centered, e(xo)= 3. 
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The following remark will be useful. Let YEY. If y is not adjacent to x0, we have 
d(xo, y) = 3. The distance between x0 and a vertex x” adjacent to y is not greater than 
3, hence d(x,, x”) = 2. Thus every vertex adjacent to y lies in a geodesic connecting x0 
to y. It follows that 6( y)=f(3). 
Let us prove that every element of X has eccentricity 3. Otherwise, there are x, X’EX 
such that d(x, x’)= 4. 
The degree of x’ is at least 2. Let y, y’ be two different vertices, adjacent to x’. If 
y and y’ are both adjacent to x0, we have two geodesics between x0 and x’, which is 
impossible because F(2)= 1. 
It follows that at least one of y and y’, say y, is not adjacent to x0. We get d(x, y) > 3 
as d(x, x’) = 4. So d(x, y) = 3 because diam( G) = 4. 
By a previous remark, we have the equality 6(y)=f(3). It means that each vertex 
adjacent to y belongs to a geodesic connecting y to any vertex at distance 3 from y. In 
particular, x’ must lie in a geodesic between y and x. This is a contradiction, since 
d(x, x’)=4. It follows that the eccentricity of every element of X is 3. 
Consider the incidence structure $?? =(X, Y, I), where I CX x Y is defined by 
x I y if and only if xy&(G) (xEX, ye Y). 
Let us prove that 9 = (X, Y, I) is a BIB-design with parameters u = /X (, k =f( 3), A = 1. 
Let YEY. It is not possible that y is adjacent to all elements of X. Thus let XEX be 
such that d(x, y) = 3. From e(x) = 3 we get 6(y) =f(3). Hence every block is incident 
with exactly k points. 
Let x and x’ be two different vertices of X. From e(x) = 3 we get d(x, x’) = 2 and so 
there is a block incident with both x and x’. It is unique, as F(2)= 1. Therefore 9 is 
a BIB-design with A= 1. 0 
Proof of the Theorem. If every 2-connected component of G consists of one vertex 
only, then G is a tree, and (i) holds. 
Otherwise there is a 2-connected component H of G, with 6(H)> 2. Clearly H is 
F’-geodetic, where F’(i) = F (i) for all i d diam( H). By Propositions 3 and 5, the graph 
H is distance-regular or else it is associated with a BIB-design. The eccentricity of 
a vertex of H is then greater or equal to 3 [9, Theorem 2.2). 
Let us prove that G is 2-connected, that is G = H. Otherwise, let XEV’( H) be 
a cut-vertex for G. Clearly e(x)=3, so by [9, Theorem 1.8) we have F(e(x)+ l)= 1, 
that is F(4)= 1. But then G is geodetic, which contradicts Lemma 2. It follows that 
G = H, and so (ii) or (iii) holds. 0 
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